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Equilibrium configurations between density and topographic surface irregularities 
in a purely elastic earth model. 
Abstract 
A two dimensional purely elastic earth model is used to study elastic 
equilibrium configurations between density and topographic surface irregularities 
(mountains). 
equilibrium with &r(x,Y) is determined by specifying that the vertical displacements 
due both to the mountain and df(X,y)vanish at the surface. The compression due to 
density irregularities is evaluated and numerical examples are given. 
Given a density deficiency 6f2l",y) the shape of the mountain in 
I n t  ro  duc t ion 
I n  a previous paper (Durney, S t r e s ses  induced i n  a pure ly  e l a s t i c  e a r t h  model 
under var ious  t e c t o n i c  loads,  t o  be published, h e r e a f t e r  r e f e r r e d  t o  a s  I) w e  
c a l c u l a t e d  the  s t r e s s e s  i n  the  mantle and c r u s t  of t he  e a r t h  by dens i ty  v a r i a t i o n s  
o r  by topographic su r face  i r r e g u l a r i t i e s .  A two dimensional model was adopted, 
a l l  q u a n t i t i e s  being cons tan t  i n  a d i r e c t i o n  perpendicular  t o  the  X-Y p lane .  
X a x i s  was chosen h o r i z o n t a l l y  from l e f t  t o  r i g h t  and t h e y  a x i s  v e r t i c a l l y  up. 
The equat ions  f o r  t h e  s t r e s s e s  were solved f o r  a r b i t r a r y  dens i ty  d i s t r i b u t i o n s  and 
su r face  loads,  which were shown t o  be equiva len t  t o  mountains i f  t h e i r  he ight  
The 
w a s  s m a l l  compared t o  t h e i r  width.  Considerat ion of equi l ibr ium s i t u a t i o n s  provides  
a good method f o r  t r e a t i n g  e l a s t i c  problems i n  t h e  e a r t h  where body forces  and 
su r face  loads (mountains) a r e  important ( t h i s  was done i n  (I) i n  t h e  case  of  t h e  
i s o s t a t i c  adjustment of a cont inent  and a dens i ty  def ic iency  beneath.)  
I n  t h e  present  paper our aim i s  t o  s tudy more i n  d e t a i l  these  equi l ibr ium 
conf igu ra t ions  between su r face  loads and dens i ty  i r r e g u l a r i t i e s .  Consider the  
i s  supposed t o  be - (x /D)' case of f i g u r e  (1) where the  densi ty  de f i c i ency  
given.  To perform the  c a l c u l a t i o n s  w e  s h a l l  t ake  & v ( r , y )  = (0) 7'P.d) 





where 7 (lid)- 
mountain p r o f i l e  y=yo() such t h a t  the  displacements due t o  both  t h e  su r face  
load -&f?ofO)y()o and the  dens i ty  def ic iency  &p(X,T) 
This  i s  an equi l ibr ium s i t u a t i o n  t h a t  could have a r i s e n ,  f o r  example, due t o  
p l a s t i c  flow. 
t o  &f3(X,Y) 
t h i s  i s  due t o  t h e  f a c t  t h a t  t h e  e l a s t i c  displacements a r e  mainly determined 
f o r  d272 e and zero o therwise .  We s h a l l  determine t h e  
vanish  aty=0 . 
The curve Y=)’(x> does not  g ive  the  e l a s t i c  displacements due 
; t hese  a r e  i n f i n i t e  i n  a p lane  geometry. I n  (I) we s a w  t h a t  
by the  very long wavelengths of  t he  Fourier  spectrum of e -(W2 ( sp ( XA= 
-(XlDp fim)7ce,d)e )It  w i l l  be seen f u r t h e r  on t h a t  7=7(X) , on t h e  o t h e r  hand, 
does not  depend s t rong ly  on these  long wavelengths a s  long as the  depth of 
dq(5y) i s  not  too l a r g e ;  t he  use of a sphe r i ca l  geometry would not  a l t e r  
s i g n i f i c a n t l y  the  shape of the  curve y= Y C X )  * 
We s h a l l  proceed t o  so lve  the  e l a s t i c  equat ions f o r  W(X,)’)- - ufix &y)- 
i n  t he  two dimensional c a s e ) .  I t  w i l l  be shown t h a t  t h e  Four ie r  t ransforms 
of  uy&,o) can be very simply expressed i n  terms of t h e  Four ie r  t ransform 
So lu t ions  of t h e  e l a s t i c  equat ions  
The equat ions  f o r  t h e  displacements can be w r i t t e n  i n  any of t he  fol lowing 
forms (Sokolnikof f 1956) 
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For t h e  body fo rce  we take  ,f= ( 9  - 8 'fc'!Y,) 
ourse lves  t o  Sp CX,Y)= ~Y)C&&X 
used i n  the  case  of  more genera l  dens i ty  d i s t r i b u t i o n s .  
( l b )  w e  o b t a i n  
and w e  s h a l l  r e s t r i c t  
. Four ie r  i n t e g r a l s  w i l l  then  be 
Taking the  c u r l  of 
W e  s h a l l  aga in  r e s t r i c t  ourselves  t o  the  two dimensional case  ( a l l  q u a n t i t i e s  
being independent of 8 ) and so lve  the e l a s t i c  equat ions w i t h  boundary condi t ions  
express ing  t h a t  t he  fo rces  a t  t he  plane y=o are equiva len t  t o  a pure v e r t i c a l  
load:  p! (X) = 0 and fy o()=-& @(O))"X), 17 ( X )  
a mountain of p r o f i l e  y=y(X) 
i s  t h e  weight of  
and d e n s i t y  po(0) 
It is  e a s i l y  seen t h a t  t hese  boundary condi t ions  g ive  r i se  t o  t h e  fol lowing 
r e l a t i o n s  f o r  y=o : 
i s  s u b s t i t u t e d  i n t o  (2)  a d i f f e r e n t i a l  
equat ion  i s  obta ined  f o r  wl$ k) . Writ ing  t h a t  W1)5)$)vanishes f o r  l a r g e  
depths  i t  i s  found t h a t  
I ’  
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w(qa)  i s  t h e  va lue  of W(Y,&) a t  y=o and must be determined from t h e  
boundary condi t ions  ( 3 ) .  The equat ion ( lb)  g ives  f o r  8(y, k )  (&)’,)or $($&s),ax) 
(3 )  can be w r i t t e n :  
To determine Wlo/ &) w e  proceed i n  the  fol lowing way: equat ion (IC) f o r  
vly,&) i s  solved w i t h  the  boundary cond i t ion  (6a) (and, of course no d i s -  
placements a t  i n f i n i t y )  ; r e l a t i o n  (6b) determines then  W(0, &) . 
t h e  c a l c u l a t i o n s  i t  i s  found t h a t  
Performing 
We s h a l l  s p e c i a l i z e  t h e  above formulas f o r  the  case / y & ) = ,  ( t h e  p lane  
y=o is  a f r e e  sur face)  and a dens i ty  excess of t h e  form sp ‘”/u)- (0) (5 d )  Q - &I2 
?[$ d) = f f o r  d l  Y l  and zero o therwise) .  The problem being - (.I# 
l i n e a r  i t  i s  enough t o  w r i t e  t h e  expressions f o r  t he  case &f)(X,r/ e)=  ,O, (0) e (y-e)e 
- 5- 
Where @(y-P)=l for 72 e and zero for /<e.  After some calculations it 
is found that 
and 
Identically $(%I) is given by 
where ab 4) can be obtained from (5) by using expressions (8b) and (8c). 
It is now easy to calculate the displacements f o r y e O  ; with the help of 
(6a) we obtain 
-6- 
. 
Expression (10) gives thus the elastic displacements aty=O 
deficiency of the form 
due to a density 
From the above formulas it is also easy to calculate the displacements due to 
00 
a mountain of profile 2 =  7 ~ 3 %  J C ~ B B X  Y / B ) ~ &  
0 
and density p o ( 0 )  They are given by 
We calculate now / ( a )  and thus y(X) such that the displacements due to 
both the mountain of profile )'=yo() and the density deficiency 6p (x/y)= 
vanish for y=o . For simplicity we take - (X/D]' p, /o)7 (e,  4 e 
a square density deficiency with 2 D Z L =  d- , the vertical and horizontal 
dimensions of &P(X,7) are, in this case, approximately equal. For Y = Y ( X )  
it is then obtained: 
yo()= - co3 ( tX lL )  * 
This expression gives thus the profile of the mountain of density f o ( O  
in elastic equilibrium with a density deficiency & ~ @ , ~ ) =  f i  10) p(p/ d) Q- (LDl~ 
( g o =  d - e )  It is seen that as long as d I L  is not very large, small 
(i.e. long wavelengths) do not play a predominant role; in this case the plane 
model is a good approximation to the spherical geometry. On the other hand if 
d/.L>> 1 
because the horizontal dimension of y o ( )  
it cannot be expected that the plane model will give valid results 
becomes very large in this case. 
- 7- 
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Another simple way of ob ta in ing  expression (12) i s  n o t i c i n g  from (3a) t h a t  
i f  u,(x,o)=O then a l s o  0)-  0 We can thus  so lve  t h e  e l a s t i c  
equat ions w i t h  the  boundary condi t ions  WCX, O ) = o  m d  f x  Cx/ o)= O 
(no shear  s t r e s s e s ) .  The v e r t i c a l  load 5 'x/o) cannot, now, be f i x e d  a r b i t r a r i l y  
but  i t  i s  determined from the  above boundary cond i t ions .  The r e s u l t  obtained i n  
t h i s  way g ives  a fo rce  equal t o  -3 pfo)Y(X) with  Y(X) given by express ion  (12) 
< 
Geophysical Appl ica t ions  
I n  f i g u r e  (2) we have p l o t t e d  expression ( 1 2 ) ;  t he  p r o f i l e  of t he  mountain i n  
e l a s t i c  equi l ibr ium wi th  a square dens i ty  def ic iency  of h o r i z o n t a l  and v e r t i c a l  
dimensions equal  t o  200 km ( L  = 200 km.) fo r  d i f f e r e n t  depths  of if?&,/) ( d = g  goo 
and 200 km.). The r ap id  f l a t t e n i n g  of the mountain wi th  inc reas ing  d i s  t o  be 
v no t i ced .  The mass of t h e  mountain i n  each case  remains neve r the l e s s  cons tan t  and 
equal  t o  t h e  mass due t o  t h e  dens i ty  def ic iency .  The mass of the  mountain i s  found 
by (12)  t o  be N/y(X))= /n L2 lp, W I / ~  On the  o t h e r  hand t h e  t o t a l  
mass due t o  the  dens i ty  def ic iency  i s  given by M (&?) - 6 L'fi IO)/< 
The cance la t ion  of fl/y(X)) and / ' f(Sp) i s  a consequence of t h e  f a c t  t h a t  t h e  
e l a s t i c  displacements  due t o  the  mountain and 
p lane  geometry f i n i t e  e l a s t i c  displacements imply zero t o t a l  mass ( I ) .  
&ply/)') a r e  f i n i t e .  I n  a 
We have w r i t t e n  t h e  expression of  Yo() f o r  t h e  case  of a square dens i ty  
d e f i c i e n c y ;  another  case  of i n t e r e s t  a r i s e s  when d= 0 ( c . f .  F ig .  1) and ab> / e /  
I n  t h i s  l i m i t  i t  i s  e a s i l y  shown t h a t  ylx) i s  given by ycx)- ep, 1 0 )  e - W ~ ) 2  
p0 (01 
I n  (I) w e  a r r i v e d  a t  t h i s  r e s u l t  by w r i t i n g  t h a t  t he  s t r e s s e s  due t o  the mountain 
and t h e  d e n s i t y  def ic iency  compensate f o r  /yl> l e  I t h a t  is, t h a t  the  mountain 
and t h e  dens i ty  def ic iency  a r e  i n  i s o s t a t i c  equi l ibr ium.  
I n  f i g u r e  (3) w e  have p l o t t e d  contours of cons tan t  compression and d i l a t i o n  
f o r  a d e n s i t y  i r r e g u l a r i t y  o f  t h e  form 6p(sy)= ( O ) [ T  (-3oOfimy 0) + 
-(x'B2Wiih D = IOO& and R /0)=-3. sy /cm 3 d;o ( 5 , )  ? (- 400&m1 - Joo&rn)] 4 1 
i. 
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consists thus of a square density deficiency of 200 km. on each side, the top 
coinciding with the surface Y'.o 
depth of 200 km. (Fig. 4 )  
and an identical square density excess at a 
In the region near the surface there is di,ation at the center and compression 
at a distance of about 200 km. from the center. If we take a density irregularity 
consisting only of the density excess of figure ( 4 )  (the lower part) we find also 
a compression ( T ~ X  o/ o)+ o 1 ) of about 185 bars at 
the center; as 
of the horizontal stress 
zTr/0/0) is zero this. compression is due to the large value 
tx ((),"O), 
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